Suggested Solution to Test 1!

1. (a) First, consider

(u,(2,2,1)) =0
a(2)+(=1)(2)+0(1) =0
a=1
and
vl =3
VP24 (12 + 02 =3
20°+1=9
=4

b=2 or b= —2(rejectedasb > 0)

(b) From (a), we have u = (1, —1,0) and v = (2, -1, 2).
Then, we have

i j k

uxv=|1l -1 0

2 -1 2
=-2i—2j+k

Thus, we have
(w,uxv) =2(=2)+1(-2)+ (-1)(1) = —7.

(c) The area required is [[u x v| = /(—2)2 + (—2)2 + 12 = 3.

(d) The volume of the tetrahedron generated by u, v and w is
1/1 [{(w,u x v)|
2\ gllex vl ) | =m—F™
3\2 |u x v

= — cubic units

(e) The distance between w and the plane spanned by u and v is

Volume of the Tetrahedron
(Base area of the triangle spanned by u and v)

2. (a) The directional of the line segment is (2,7) — (—=5,2) = (7,4).
Thus, we can parametrize the line segment by

r(t) = (=5,2) + £(7,4) = (=5 + 7t,2 + 4t), t € (0,1)

'If you have any problems or typos, please contact me via maxshung.math @gmail.com



(b) The Cartesian equation of the circle is

(z =7+ (y+5)* =3

xr —T7=3cost
y+5=3sint
for ¢t € [0, 2m).

Thus, we can parametrize the circle by

Letting

r(t) = (7+3cost, =5+ 3sint), t € [0,2m)

(c) Rewrite the equation of the ellipse as

() () -0

Letting
i = V2cost
Y3
—— = V/2sint
22

fort € [0, 2m).

Thus, we can parametrize the ellipse by
r(t) = <5 +3v2cost, 3 + 4sint> , t€[0,2m)

(d) Rewrite the equation of the hyperbola as

91.2 y2 _,
4 18
2 2
LYy () o
<2/3) (3\/§>
Letting
% = —cosht
Y =sinht
3v2
fort € R.

Thus, we can parametrize the hyperbola by
2
r(t) = (—§ cosh ¢, 3v/2sinh t) ,teR

Note. We may also use sec and tan to parametrize it by letting

T
—— =sect

3
24} for te E,—W
—— =tant 27 2
3v/2

An alternative parametrization for the hyperbola is

2
r(t) = <§ sect,3\/§tant) ,te <ﬁ 3_7T)

27 2

2



3.

4.

(a) Since

(1)

(SGC2 t—1,tant - sec’t —
sect

(tan®¢, tan t(sec® t — 1))
(tan2 t, tan® t)
and tant # 0 forall 0 <t < 7 and sor'(t) # 0.
Thus, r(t) is a regular parametrized curve.
(b) From (a), note that

I (0 =/ (tan? £)2 + (tan? 1)2
= tan?t\/1 + tan’t
= (sec’t — 1) sect
= sec’t — sect

Thus, the arclength of r(t) over (0, F) is

; :
/ Hr’(t)Hdt:/ (sec* t — sect) dt
0 0

INH

- secttant

2 1 [
:£— ——/4sectdt
0

In[sect + tant|

jus
4

(a) By direct computation, we have

costn —sinte— (€N (=Y
- 2 2

secttan t)

™

i1 (1 I
—l——/ sectdt—/ sectdt
0 2 0 0

B (ex—i—ex—i—e‘”—ex) <€I—|—€
N 2

T —T

- €

e
1

forany x € R.
(b) Since
2
20 =Y — eV

e —2ze¥ —1=0

Tr =

y_ 20+ V(22)2 = 4(1)(-1) v 21 — /(22)2 — 4

(M=)

e
2 2

v 20+ \/4(z? + 1)
2
y=1In <:L‘+\/l’27-‘r1)

forany x € R.

(rejected *."< 0)



(¢c) (i) r'(t) = (1,sinht) and ||v'(t)|| = v/1 4 sinh®¢ = cosh t.

(ii) The arc-length function of r(¢) is

t
5= / ()]
0
t
:/ cosh u du
0

= sinht

Therefore, we have t = sinh s = In (s +14+ 32).
Thus, the arclength parametrization of catenary is

r(s) = (ln (s + m> ,cosh(sinh ™! s))
- (ln(s +V1+ 52), \/1 + sinh?(sinh ™! s))

= <1n(s+\/1+32)7\/1+$2>» s> 0

SPLE G
5 u|| + u
A+ AT\ (A + AT L (AAT T/A—AT

2 p JutH 2 A
T(A+AT) (A—AT)2
B u—u 5 u
T [AQ +AAT+ATA+ (AT)? A — AAT — ATA+ (AT)Q] "
4

(a) Note that
2

=u u

T (AAT + ATA)

= ; u’AATu + 2uTATAu

= %(ATu)T(ATu) + %(Au)T(Au)
1

HATHH2 ||1411H2

T

A+ A
(b) Since i is symmetric, and left multiplying u” on both sides, then

T 2
T(A—;A ) u=u’0

(B (25
(55 (555))
().

=0
) u = 0, and follows that ATu = — Au.

+ AT

A
Thus, we have (
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Alternative Solution.
A+ AT
From (a), if ( +

) u = 0, then

1 1
= 5l Auf® + S [[A"ul?

(= N)
(¢

2 T AT
uT[—A AA ATA+ —lATA——AATlu

) u= TATAu + 2uTAATu

4

=
| |

(A2+AAT+ATA+ (AT)? )
(AJ;—QAT) (A+AT>U
() () -

()] -

) u = 0, and follows that ATu = —Au.

2

A+ AT

Thus, we have (

(c) Proceed similar as part (b), we have

(5 (15
(%)

=0
v = 0 forany v € R?®\ {0}, that is

_ AT 2
VT(A A)V:VTO

T

Therefore, it follows that

Alv = Av
1 0 0
By takingvas [ O], | 1] and | O | respectively, it follows that
0 0 1
1 0 0 1 0 0
AT o) (AT 1] AT |0 = A[O)|A|[1] [|A]|O
0 0 1 0 0 1
100 1 00
Ao 1 0]=4]0 10
0 01 0 01
AT = A

By definition, A is symmetric and thus the claim is correct.
Remark. Taking any three linearly independent column vectors are acceptable, need not
to be orthonormal basis for R>.



6. (a) Since ||r(t) — c|| = C, where C' is a non-zero constant for any ¢ € [a,b] and r(t) € R3
which is a space curve.
Thus r(t) is a closed curve lying on the sphere centered at ¢ with radius C'.

(b) (i) From (a), differentiating ||r(¢) — c||> = C? with respect to ¢ on both sides,

d d
S (e(t) = ex(t) — ) = +:C

<r(t) —c,r'(t) — %c> + <r’(t) — %c, r(t) — c> =0
(r(t) — c,r'(t)) =0

for any ¢ € (a,b). (*We ignore the differentiability at the end points of [a, b].)
(ii) Assume that s(t) exists for any ¢ € (a, b) and s/(¢) # 0, then

(s(t) — e, (1))
£<s<t> —c,s(t) — <)
—¢)

I
o

Cl

—
wn

—~
o~
N—
/—\
~
SN—
O

where C” is a nonnegative constant.
Therefore ||s(¢) — c|| is a constant independent of ¢, i.e. s(¢) is a curve maintaining
fixed distance from c. Thus, the claim is agreed.

(¢c) From part (b)(i), we have
(r(t) —c,r'(t)) =0

Also, as ||r/(t)]| is a constant, differentiating ||r’(¢)||* with respect to ¢ yields

(r'(1),r" (1)) =

In R?, as r(¢) — c and r”(¢) are both orthogonal to r'(t), so we have

(r(t) —c) x r"(t) = K(t)r'(t)

for some scalar functions K (t). Now, it remains to show K () is a non-zero constant.
First, differentiating (r(¢) — c,r’(¢)) = 0 with respect to ¢, then

(r(t) —c,x" (1)) + ('(2),¥'(1)) = 0
(r(t) — e, x"(t)) = =r'(B)|I* £ 0

which is a negative constant. Therefore,

o _ 0 = Pl @) ~ | x(t) = . (0) P
r= Bk
@~ o))
ol

>

=0

So, K (t) is non-zero.
Moreover, we see that K (t) is depending on ||r(t) — c||, [|[t”(¢)]| and (r(¢) — c,r”(t)) are
all constants, so K () is constant independent of .
Thus, we have
(r(t) —c) x " (t) = kr'(¢)
by putting K (t) = k € R\ {0}.



7. (a) Foranyt € (0, 1), since

V() = (1, —t%cos G)) £ (0,0)

Thus, this curve is regular.

Also, since
1 1\ ?
It'(t)]] = \/1 + (_t_2 cos (;)) #1

as 35 cos” (1) > 0fort € (0,1).
Thus, this curve is not parametrized by arc length.

(b) For positive integer k, we have
—1 -1
r ((2k7r + g) > = ((2k7r + g) ,sin <2k7r + g))
2
=(—=1
((4k3 + )m )

r ((2km)™") = ((2km) ™", sin(2km))

-\ 2kn’

(c) First, we define I}, = [m, ﬁ] for any positive integers k.
Since
! ! <1
max — = —
keN 2km 27
inf 2 0>0
inf —— =
keN (4k + 1)m -
and each [} is compact, we have
Uz c (0,1).

keN

Now, define p. = (ﬁ, 1> and qx = (ﬁ, O) for each k € N.
Since the arc-length of r(t) over each I is

[ W@l o - al
|

- \/12 * (2/; - (4ki1)w>2

> 1

Thus, the arc-length of r(¢) over (0, 1) is

Thus, r(t) has an infinite length over (0, 1).
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8. (a) Since we want the cycloid lying on the zz-plane, so we may rotate it about the z-axis
anti-clockwisely by an angle o = 7, so that we have

- 0 —sinf 1 0 0 0 —sinf
Rx<—> l1—cosf8| =10 0 -1 1 —cosf
2 0 01 0 0

6 —sind
= 0
1 —cosf

(b) By direct computation, we have
r'(0) = (1 — cos6,0,sinh)

and

I¥ )] = /(1 - cos8)? + sin” 0
= \/1 —2cosf + (cos? 0 + sin? )
= /2(1 — cos )

0
= /2 2sin? =
Sin 2

7 0
= 251n§ (.- for 6 € (0, 27r),sin§ > 0)

(c) Since
(r'(0), es) = sin @ = [|r'(0) | [|es|| cos ¢(0)
From part (a), we have ||r'(6)|| = 2sin £ .
Therefore, we have

sin 6
cos p(0) = e d
sin 3
0 0
2sin 5 COS 5
=—=2 -2
2 sin 5
= CoS —
2

7 0
As cos is bijective on (0, ), so cos () = cos 5 implies that p(0) = 7
(d) (i) Note that

v(#) = Ry(¢(0))u
0S g sin g cos 0
= 0 sin @
( sin g O cos Q 0
oS 5 9 cost
= s1n 0
— sm cos



and thus
/ 0 . .0
(v(0),r'(0)) = (1 — cosB)(cos 5 c08 ) + 0 — sin O(sin 5 cos 0)
0 0 0.
= cos 0 cos 3~ cos 6 (cos 3 cos f + sin 3 sin 9)
0 0
= cos900s§ — COSHCOS§
=0

for any 6 € (0, 27).
(ii) In the question, it provides that

(0) = v(0) + r(6)

Inclined helix with angle % rotated curve by the helix

Figure 1: Rotated Helix around the cycloid

By part (d)(i), we have
(v(0) — £(0),r'(9)) = (v(0),r'(0)) =0

and this identity means the direction from r(6) to v(6) is always orthogonal to the
tangential direction r'(#).
(iii) From part (d)(ii), we have

=v'(0) +1r'(0
d % + cosg 1 —cos®
@ s1n9 + 0
—= sm =2 4= sin Q sin 0
—% }Lsm +1—cos€

= cos 0

—%cos— + 1 Cos— +sin 8



Therefore, we have
Iy (6)]”

3 0 2 330 1 0 2
= sin ———31115—1—1—(3089) +C0820+(—Zcosg—l—z—lcosﬁ—l—sine)

3 . 30 1_92+ 3 030, 1 0\?
7Sl — g sing 1 €055 T 085
)
3 30 1 0 3 30 1 0
—(ﬁsin——l——sm )(1—Cos9)+cos 9+(——Cos—+—cos—) sin @ + sin® @

+(1 — cos 6)?

/

2 2 2 2 2 2 2

3 1 , (3 .30 1 _ 90
——60829+16:| +(1 — cos )" — <§sm?+§sm§)

v~

(*)

1
+ (sin 3?9 cos ) — cos 3?9 sin 9) + 3 <COS g sin 0 + sin g cos 9) + (cos?  + sin” 0)

3
2
5
8

ool w

3 30 1 0 3 6 1 30
cos 20 + (1 — cos0)? — (Esin?qLésiné) +§Sin§+§sin?+1
25 6
= §+ gCOSQQ—sm? —2cos«9+sm§
and the last line is followed from (1 — cos#)* = 1 — 2 cos § + 120,

Thus, the arc length of v(#) is

2m 2 o5 1
/ ||7/(9)||d9:/ \/—5~|——cos29—sin3—9—2cos€+sin€d9
0 0 8 8 2 2

1 /Zw\/25+ 20 — 8si 30 16 cos @ + 8 si ede
= —F COS — oSN — — COS Sin —
272 Jo 2 2
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